Abstract Ply thickness is one of the main drivers of the structural performance of a composite part. For stress analysis calculations (e.g., finite element analysis), composite plies are commonly considered to have a constant thickness compared to the reality (coefficients of variation up to 9% of the mean ply thickness). Unless this variability is taken into account reliable property predictions cannot be made. A modelling approach of such variations is proposed using parameters obtained from a 16-ply quasi-isotropic CFRP plate cured in an autoclave. A discrete Fourier transform algorithm is used to analyse the frequency response of the observed ply and plate thickness profiles. The model inputs, obtained by a mathematical representation of the ply thickness profiles, permit the generation of a representative stratification considering the spatial continuity of the thickness variations that are in good agreement with the real ply profiles spread over the composite part. A residual deformation FE model of the composite plate is used to illustrate the feasibility of the approach.
Introduction
purposes, the thickness of a composite structure is given by the sum of the ply thicknesses forming the laminate, or alternatively, the ply thickness is obtained by dividing the total structure thickness by the number of plies contained in the stratification. The thickness of the structure is considered constant and equal for all plies, provided that there is no change of geometry in the cross-section of the composite structure [2] . In reality, each ply in the stratification does not present a constant thickness mainly due to manufacturing conditions and particularly the resin flow effect before polymerisation in autoclave. Figure 1 exhibits, for different scales, the variations of ply thickness across a 16-ply unidirectional carbon/epoxy laminate.
The effects of the ply thickness variations have been studied in the literature as localized defects due to manufacturing conditions, in the form of wrinkles and warpings [2, 3] , and on singular zones such as L-shaped stringers [4] . Conversely, there are few publications that address the representation of thickness variations spread over a laminated structure [5] . Collombet et al. [6] reported a mean ply thickness of 0.26 mm with a standard deviation of 0.002 mm, with extreme values between 0.26 mm and 0.27 mm, in a 28-ply M21/T700 carbon/epoxy laminate. However, the determination of the ply thickness was performed through the measurement of the laminate thickness. A further inspection of the cross section of the specimens revealed that the ply thicknesses deviated up to 21% from the mean ply thickness, with extreme values of 0.25 mm and 0.31 mm [6] .
It is well-known that the composite structure cannot be dissociated from its manufacturing conditions. The volume fractions of constituent materials (fibre and matrix) as well as porosities are directly linked to the stratification of the composite, the nature of the raw materials and the curing cycle [7, 8] . These changes in the volume fraction can be a source of warpages for thin laminates (global on the scale of the plate and Blocal^on the scale of the plies). Daniel et al. [9, 10] have studied the effects of the fibre waviness on thick unidirectional stratifications (up to 150 plies) generated by local and periodic perturbations in the stratification. The proposed method calls for a modification in the compliance matrix by adding an outof-plane component to the fibre orientation. Nonetheless the problem is treated as a local effect related to defects present in the material. Fig. 1 Micrograph showing the ply thickness variations t k (x,y) spread over a layered composite plate (16-ply HexPly® M10.1/38%/UD300/CHS) of approximately 4.8 mm thick t ̅ p A classic computational analysis of a composite structure is done by employing a unique value of ply thickness for all the elements [11, 12] . Conversely in the literature, no methodology was found that accounts for the local changes spread over the composite structure applied to multidirectional laminates fabricated with UD prepregs.
( )
The aim of this study is to include the Bcontinuous^ply thickness variation in a finite element (FE) model considering actual variations of thicknesses in the composite laminate. This is essential in order to make more realistic property predictions.
To retrieve the required information needed by the numerical model, the cross-section of a 16-ply composite plate is analysed to obtain the real profiles of the ply thicknesses spread over the plate. A discrete Fourier transform (DFT) of the measured ply thickness profiles provides the model parameters. These parameters are analysed to be then introduced into a mathematical model to produce a digital representation of the ply variations. This mathematical model can be modified by the introduction of random parameters that modify the shape of digital lay-ups for their use in different simulations. The set of digital lay-ups containing the variations of the plate and ply thicknesses is then used to calculate the material property of the composite ply that will be afterwards introduced into a FE model.
Material
A set of composite plates was fabricated using a unidirectional carbon/epoxy prepreg HexPly® M10.1/38%/UD300/CHS supplied by Hexcel Composites. The dimensions of the manufactured plates are 600 mm long and 300 mm wide. The 16-ply stratification was chosen to be quasi-isotropic with the lay-up sequence [90/−45/0/(+45) 2 /0/−45/90] s . The plates were cured in autoclave using the recommended cure cycle adding a consolidation dwell at 90°C for 15 min. The cure dwell was maintained at 120°C for 60 min. The heating and cooling rates were set to 2°C min . The consolidation pressure at the first dwell and the curing pressure in the second dwell were 2 and 5 bar respectively.
Thickness Measurements

Overall Plate Thickness
The overall thickness of the cured plates is measured using a 3D coordinate-measuring machine (CMM) with a mechanical probe and a resolution of 0.01 mm. With a mesh size of 30 × 30 mm, between 190 and 220 measurement points are needed to cover the complete plate. Figure 2 illustrates the thickness mapping reconstructed using the measurements. The 5.45 mm maximum thickness value is located at the centre of the plate while the 4.68 mm minimum thickness value is closer to the edges and corners of the plate. The difference between the maximum and minimum values is 0.77 mm. This difference is approximately 2.5 times the thickness of the cured ply, considering a nominal ply thickness of 0.32 mm. Olave [13] reported variations in the order of 0.80 to 1.00 mm for a plate of 300 × 300 mm dimensions fabricated with a HexPly® M10.1/T700 2/2 twill woven textile. Notice that both types of plates, the ones studied by Olave and the ones presented here, were fabricated under similar manufacturing conditions.
Ply Thickness Profile
To determine the profiles of the ply thickness, a 45 × 45 mm specimen was removed from one of the manufactured plates. It exhibits a 4.66 mm mean plate thickness with 4.84 mm and 4.53 mm, maximum and minimum values respectively. Being a section of the composite plate, the difference between the maximum and minimum values is 0.31 mm (compared to 0.77 mm for the complete composite plate).
The specimen was placed on mounting resin to prepare its cross-section for micrographic inspection. A series of micrographs of the cross-section was taken with a Dino-Lite® optical microscope with a 161 pixels/mm resolution. For determining the spatial evolution of the ply thicknesses, the micrographs were assembled into a single image containing the full length of the specimen to avoid duplicated points on the ply interfaces, as each micrograph only covers approximately 7 mm (of the 45 mm) of the length of the specimen. An automatic determination of the ply interfaces by image analysis is preferred. However, the low contrast and fuzziness at the ply interfaces makes it difficult to analyse the images with good precision. Hence, the plies were then delimited by manually selecting the points along the ply interface. A grid on top of the image provides a reference in order to have a rough control of the number of points and their spacing. Approximately 220 points were selected for each interface. The selected points were interpolated into a regular mesh consisting of 1024 points along the xaxis. Figure 3 shows the ply interface selection for the interfaces # 2, # 3 and # 4 (delimiting plies # 2 and # 3).
A summary of the basic statistical measurements for all the plies and the composite plate thicknesses is shown in Table 1 . Due to the lay-up sequence, the pairs of plies # 4/# 5, # 8/# 9 and # 12/# 13 share the same orientation, thus their interfaces were not discernible and they were counted as single plies. Nonetheless, for the present analysis their mean value, as well as the extreme values, are divided by 2 and their standard deviations are obtained thus by ffiffiffiffiffiffiffiffiffi ffi σ 2 =2 p . Figures 4 and 5 show the measured thickness profile, mean value and linear regression for the composite plate and the # 2 ply respectively. The coefficient of variation (CV) of the composite plate is 2%. In comparison, the CVs of the composite plies fall within the range of 4% to 9%. It should be noted that the CV of the plate comprises a large difference in thickness at both ends of the specimen length (0.31 mm), shown by the linear regression in Fig. 4 . While for the ply thickness profile, using the case of ply #2 as example (cf. Figure 5 ), the CV comprises a difference at both ends of the specimen of 0.02 mm and, more importantly, large variations up to ±29% of the mean ply thickness (cf. Table 1) . It is noteworthy that the difference between the slope of the linear regression (m) of the ply profiles and the mean thickness (zero slope) is not negligible (cf. Figure 5 ). All the plies profiles and the overall plate profile also exhibit negative slopes (m < 0). As expected, the sum of the slopes of the ply profiles is equal to the slope of the plate profile itself. Indeed, the variation of the overall plate thickness is strongly coupled with the ply morphology.
From the thickness profiles, it can be seen that there is an apparent repetition of the thickness variation along the length of the specimen. For this reason, the ply thickness profile can be analysed by means of signal treatment techniques. Indeed, the profiles can be considered as a sum of N sine waves of different frequencies and amplitudes. This consideration leads towards a digital representation of the ply profiles that can be generated by a set of frequencies representative of the cross-section measurements. 
Analysis of the Thickness Profiles
The collection of thickness profiles are analysed in order to determine a set of parameters representative of the material and manufacturing conditions. For this analysis the thickness profiles are converted from the spatial domain to the frequency domain using a discrete Fourier transform (DFT). The DFT is applied to the thickness profiles normalised to zero-mean z k as shown in Eq. 1.
where z k m is the zero-mean signal from the measured k th ply thickness profile t k m and t ̅ k m is the mean of the measured thickness for each k th ply. Since DFT peaks at very low frequencies of the spectrum can be accounted for in the overall plate thickness variation, a function δt pk is considered. For this analysis, δt pk is the equation obtained from the linear regression of each thickness profiles. The higher frequencies in the spectrum are mostly attributed to the manual selection of the ply interfaces. A low-pass Butterworth filter is applied to the zero-mean signal z k m to remove the frequencies greater than 1 mm −1 present in the thickness profile to remove the uncertainty of the point selection at the ply interface. It should be noted that these frequencies cannot be modelled in a finite element model. A total of 14 DFT spectra were analysed, 13 for the ply profiles (considering three double plies) and one for the plate profile. An example of the resulting DFT spectrum for the ply # 2 is shown in Fig. 6 .
The peaks of each spectrum are selected within a measurement window imposed by required finite element (FE) model mesh fineness which means it is impossible to model physics finer than the mesh itself. In this study, the measurement window is chosen to go from 0 to 0.50 mm −1 in frequency, and from 0.0035 mm upwards in amplitude (cf. Figure 6 ). The analysis of the collected data was difficult due to the coupling of at least three variables, frequency, amplitude and phase shift, without mentioning that each profile spectrum contains a different number of peaks. Therefore, to introduce the ply thickness variations into the FE model, a single set of N = 10 sine waves for all K plies (K = 16 for the present study) is created using an in-house pseudorandom generator of the zero-mean signal z k :
To have a precise control of the overall plate profile, the coupling of the ply thickness profiles is done by assigning a specific phase shift ϕ n to each n th sine wave and each k th ply. As noted, the complete dataset of the selected DFT peaks is divided into ten frequency bands of 0.05 mm −1 each from 0 to 0.50 mm
. A single frequency f n and amplitude A n is obtained for each n th frequency band. After a goodness-of-fit test for each n th band it was observed that the frequency values were better represented by a uniform distribution (with lower bound a and upper bound b limits) while the amplitude is better described by a normal distribution (with mean x ̅ and standard deviation σ). It is noteworthy that not all the frequency bands contain DFT peaks for all plies. For this reason, the parameter p n is drawn from a binomial distribution with values being either 0 or 1. The probability to generate a value equal to 1 is the probability of appearance within the n th frequency band. The model parameters, which are obtained from the analysis of the different DFT spectra, are shown in Table 2 .
Mathematical Representation of Ply Thickness Variations
The overall shape of the composite plate is controlled through the contribution of the thickness variation of the plate δt pk . Nevertheless, the exact distribution of the thickness variations across the ply is difficult to know. However, the overall change of the composite plate δt p is known and it is evenly spread over all the composite plies K, thus δt pk can be estimated as:
A 3D sine wave was chosen to be representative of the overall plate shape, δt p (x,y) is thus:
where A p is the difference between the maximum and minimum thickness value, λ px and λ py are the plate length and width respectively, and X c and Y c are the desired coordinates of the maximum thickness zone. Figure 7 shows the resulting thickness mapping on a 600 × 300 mm composite plate which is in good agreement, qualitatively and quantitatively, with the reality (cf. Figure 2) . The digital lay-up can be formed combining Eqs. 1, 2 and 3 using the pseudo-random generator explained in section 4.1 and employing the parameters established in Table 2 . The proposed model of each ply thickness adapted for a 3D representation is thus: where t k (x,y) is the generated thickness in both x and y-directions of the k th ply, tk is the mean thickness of the k th ply, A n is the amplitude of the corresponding frequency f n for the n th peak, and n p takes the value 1 or 0 depending on the probability of appearance of such n th peak. As previously explained, δt p (x,y) is the desired plate profile divided by the number of plies, K.
To ensure a control on the coupling of the different ply thicknesses profiles, a pseudo random phase shift ϕ k,n is used for each k th ply and n th frequency peak. The overall plate profile (i.e. the sum of the K ply profiles t k (x)) can maintained constant if the k th sum of the ply shifts must be equal for all n th sinusoids (from 1 to N):
The phase shift ranges from -π to π for each n th sinusoid:
where ξ k , n is a vector containing the ply numbers 1 to K randomly shifted for each n th frequency peak.
Ply Thickness Generation Discussion
The main goal of the digital thickness generator is not to reproduce the exact form of the composite ply spread over the plate, but to generate a geometry having the same characteristics, in terms of variability, as the actual ply thickness profiles. Even though the results associated with the proposed methodology (DFT spectra and range of values) are indeed dependent on the geometry, material and manufacturing conditions, the methodology itself does not depend on any of these conditions. The variations found in the composite exhibit similar patterns but also exhibit differences compared with any point of the plates and with different plates manufactured with the same conditions. For this reason, the inclusion of random parameters into the mathematical representation allows the generation of new sets of virtual thicknesses that share the same characteristics in terms of variations than the studied plate. Fig. 7 Example of a numerical overall plate thickness generated using Eq. 4
As observed in the cross-section of the composite material, the real stratification exhibits variations in the ply thickness (cf. Figure 8a ). In the classic modelling of a composite stratification, the thickness of the different k th is considered as constant and it does not take in account the overall change in the stratification thickness (cf. Figure 8b) .
Any effort made in order to completely model the behaviour of the thickness variation will take considerable computing and analytical resources since there are four highly interdependent variables that contribute to the thickness profile. The model must account for the number of the different frequencies and the spectral spacing between DFT peaks, shown as independent plies) with, a reconstruction from the actual ply thickness profiles (after filtering), b constant ply thickness accounting the contribution of the plate thickness variation in each ply and c digital stratification generated by the proposed model the associated amplitude for each frequency and phase shifts. All these variables also depend on the ply position in the stratification. Different solutions to the problem, such as using the frequency values Bas is^from one single ply, or randomly selecting the frequencies and their associated amplitudes from all the identified peaks were discarded, since the selected points come from a very specific zone in the plate that may or may not describe completely the behaviour of the thickness variation along the full composite plate. Indeed, the data collection cannot be performed in all types of composite structures and for different composite plates due to its destructive nature, as well as the time and resources that this task demands. Therefore, simplifications must be made in order to obtain accurate data to be introduced into the model. The variability of the ply thickness, as well as the coupling between the different plies to obtain a constant plate thickness, can be controlled by using pseudo-random algorithms to vary the parameters involved in the thickness profile generation (cf. Figure 8c ).
Determination of the Material Variations According with the Geometrical Variations
Accounting for only thickness variations across the composite plate is not enough to determine their effect on local properties. The variation of volume fraction could be crucial since much of the thickness variation is due to differences in the amount of resin. This means that variations in properties could be less than the ones expected based on the thicknesses alone.
To introduce the local properties of the material linked to both ply thickness and the fibre volume fraction, the mass per unit area of the reinforcement ρ Af is assumed constant over all the manufactured plates (i.e. for a given plate and from one plate to another). A micromechanical model of the fibre distribution along the ply could be implemented [14] . However, at the moment, it is difficult to determine with good precision this property due to the rearrangement of fibre bundles during the curing phase. Also the computation time would increase significantly. Assuming that the quantity of fibres cannot drastically vary along the reinforcement direction (in a continuous fibrous reinforcement), a rough and quick estimation of the fibre volume fraction V fk (x,y) at any point in the stratification can be thus made without the need of a micromechanical model of the fibre distribution inside the ply:
where t k (x,y) is the local thickness in the xy-coordinates and in the k th ply, and an t f is the equivalent thickness of the reinforcement defined by:
where ρ Af is the mass per unit area of the reinforcement and ρ f the density of the reinforcement. Since both parameters are considered constant, the equivalent thickness of the reinforcement t f is constant. The ρ Af value is calibrated to 305 g•m −2 from observations of the M10.1/CHS manufactured plates.
Finally, the volume fraction of the matrix V mk (x,y) is given as follows:
where V p (x,y) is the local volume fraction of porosity. Subsequently, using the computed volume fractions and the constituent materials properties expressed in Table 3 , the elastic properties are calculated by means of the classic law of mixtures.
The proposed modelling is only intended for obtaining a quick estimation of the material properties linked to the variation of the ply thickness. For this reason, it does not intend to model the lamina morphology (i.e. fibre bundles distribution, out-of-plane misalignments, porosity distribution, etc.). Nevertheless, the overall method does not exclude a more complete modelling of the lamina micromechanics depending on the available computational resources.
Finite Element Modelling of the Residual Strains of a Composite Plate with Variable Thicknesses
The finite element (FE) model is required to be robust and light-weight. It uses a shell element type in the LMS Samcef® (Siemens, formerly Samtech, Belgium) code. The shell composite element allows local control of the ply thickness for each element and each ply.
To illustrate of the capability to introduce local thickness variations into a FE model, a composite plate subjected to a temperature change of ΔT = −100°C is presented as an example. This temperature change is applied to calculate the residual strains at the end of the cooling phase during manufacturing. The analysis is typically based on the assumption that the composite is stress free at the curing temperature. Due to the mismatch of the thermal properties of the constituent materials, a temperature variation induces residual strains and stresses [15] . The complete 600 × 300 mm composite plate is analysed using a 2D Mindlin composite shell (element type T028/T029). The element size is set to be 1 mm per side in order to model a ply thickness undulation corresponding to a minimum wavelength of 2 mm (cf. Figure 6 ).
Three cases are analysed, the first one considers a constant plate and ply thicknesses. The second case uses variable laminate profiles generated by the algorithm explained in section 4.2 with constant material properties. For the third case, the ply and plate geometry is the same as case 2 but the material properties are calculated for each element and each ply as per section 5. The mean ply thickness for each plate is 0.30 mm, thus the plate thickness is 4.84 mm (cf. Figure 1 ). For all 3 cases, no porosity is assumed V p (x,y) = 0. The deterministic solution without taking account of the thickness variations (case 1) shows as expected a uniform strain field ε xx having a value of −83•10 −6 mm/mm marked as a reference value in Fig. 9 . Figure 9 shows the strain field ε xx of the upper skin for case 2 (Fig. 9 top) and case 3 (Fig. 9 bottom) . The model without accounting for the material variations (cf. Strain field ε xx of the upper skin of a 16-ply 600 × 300 mm composite plate subject to a ΔT = −100°C simulating the cooling process of a composite (top) no material variation assumed (bottom) material vary according with thickness of the internal variations. Also, the strain field distribution is completely different, with the most significant strains at the centre of the plate and a relaxation of such residual strains towards the corners of the plate.
Conclusions
The first input parameter towards the creation of a finite element model, affected by material variability, is the geometry variation of the ply thickness over the plate. Indeed, variations of this property impact the volume fractions of the constituent materials thus modifying the local material properties of the composite structure. The thickness measurement of the composite plate studied reveals variations approximately 2.5 times the thickness of a cured ply within the same composite plate. The observations made of the cross-section of the composite plate reveal continuous and periodic variations of the profiles and a non-linear coupling between the different ply thickness profiles and the resulting plate profile. This coupling is reflected by a low coefficient of variation (CV) of the plate thickness being less than ±2% of the mean plate thickness, while, the ply thicknesses exhibit a CV of 7% of the mean ply thickness with maximal deviations up to ±29%.
A mathematical model of the ply variations is proposed to generate a digital laminate having similar dispersion on the ply thickness and having a strict control on the plate thickness shape. The frequency and amplitude values necessary to generate the digital ply are identified by the DFT analysis of the measured ply and plate thickness profiles. This modelling method produces ply thickness profiles having variations in accordance with the real ply and plate profiles.
The capabilities of the model are shown by computing the residual strains of the composite plate during the cooling phase of the autoclave processing. It is shown that accounting for geometrical and material variations generates a different strain field than for a classic composite plate without variations.
